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We discuss cross-field diffusion of energetic particles (cosmic rays) using compressional and non-
compressional two-dimensional turbulence magnetic field models, by performing test particle simu-
lations. When ρ/L ¿ 1, where ρ is particle Larmor radius and L is field turbulence scale length,
particles tend to follow equi-contour lines of field magnitude (bz) and those of field vector potential
magnitude (az) for the compressional and the non-compressional models, respectively. The diffusion
coefficient for long time scale is classified in terms of Kubo number, K = bL/ρ, where b is standard
deviation of magnetic field fluctuation in unit of background field. When K < 1 the diffusion coeffi-
cients D are approximately found to be D/ρv ∼ bK and D/ρv ∼ K2 for the compressional and the
non-cmporessional models, respectively, where v is magnitude of the particle velocity.

1. Introduction

Cross-field diffusion of cosmic rays plays essential role in the perpendicular shock geometry, in order
that Fermi acceleration process is operative. The process of cross-field diffusion is mainly composed of
the so-called field line random walk (FLRW) and ’pure two-dimensional diffusion’. The FLRW is resulted
in parallel motion of the particles along the twisted field lines, and in principle is a three-dimensional
problem. On the other hand, when typical particle Larmor radius (ρ) is larger than scale length of the
fluctuation field (L) perpendicular to the background field, particles traverse many magnetic field islands
during one gyration, and cross-field diffusion of the particles occurs. Here we refer to it as pure 2d
diffusion which can be a two-dimensional problem. In this paper, we focus our study on the pure 2d
diffusion in two-dimensional magnetic field turbulence. We note that, in a model with only two spatial
dimensions, particle motion across the local field is restricted within the scale of the Larmor radius, since
the canonical momentum associated with the ignorable coordinate becomes an invariant of the motion
[2]. The system we deal with is the exception to this argument, in which orientation of the background
field line and the ignorable coordinate degenerate. By taking this geometry, finite cross-field diffusion
takes place depending on the ratio of ρ/L. In this paper, we classify the diffusion coefficient for long
time scales by dimensionless parameter, i.e., Kubo number defined as K = bL/ρ, where b is standard
deviation of magnetic field fluctuation in unit of the background field.

2. Numerical Model

Since we consider energetic particles whose velocities are much larger than the characteristic speeds of
MHD waves, we assume the field turbulence to be time stationary (fossil turbulence), without an electric
field. Within this system, the particle energy is conserved. We employ two models for two-dimensional
magnetic field turbulence, where the background field is given perpendicular to the two-dimensional (x−y)
simulation plane. One model is a compressional magnetic field perturbation, b = (0, 0, bz) normalized to
the background field,

bz(x, y) =
∑
kx

∑
ky

bk cos(kxx + kyy + φkx,ky
) (1a)

bk ∼
{

k−γ (kc <− k <− kmax)
k−γ

c (kmin <− k < kc)
(1b)

where k = (k2
x + k2

y)1/2, kmin = 2π/Lsys, kmax = π/∆, kc = 2π/Lc, and Lsys, ∆ and Lc are the system
size, half of minimum wave length corresponding to the grid size and a critical scale corresponding to
the turbulence energy input scale, respectively. Another model is a non-compressional magnetic field
perturbation, b = ∇ × az ẑ = (bx, by, 0) normalized to the background field, where az is the vector
potential of the fluctuation part, and ẑ is a unit vector in the z direction. In a similar way as bz(x, y),
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Fig. 1 Typical particle orbits in the compressional turbulence model for turbulence level b = 0.1. The color scale shows
the spatial variation of bz . The solid lines show the orbits for particles with ρ/L = 10, 1 and 0.1 (left panel). The
expansion of left panel shows a particle with ρ/L = 0.1, and also depicted is a corresponding guiding center orbit
with green line (right panel).

az(x, y) is given,
az(x, y) =

∑
kx

∑
ky

ak cos(kxx + kyy + φkx,ky ) (2)

where the Fourier spectrum, ak, is chosen as ak = bk/k using bk in eq. (1b). In both models, boundary
conditions are periodic, and phases φkx,ky are random. The variance of the fluctuations, b2, is b2 =<
b2
z >=< b2

x + b2
y >. Since the field phases are random, we define the magnetic field scale length L using

the field amplitude as L2 =< (2π/k)2bk > / < bk > in both models. Typically we choose Lsys = 2048,
∆ = 1, γ = 1.3 and Lc = 64, then L ∼ 34.

Within the given turbulence fields, we time integrate the particle equation of motion,

v̇ = v × (ẑ + b(x, y)) ; ṙ = v, (3)

where r = (x, y) is the particle position, and v = (vx, vy, vz) is the velocity. Time and spatial scales are
normalized to the reciprocal of the average ion gyro-frequency and the minimum wave length allowed in
the system, ∆ = 1, respectively. In both turbulence models, we compute numerically orbits of typically
256 particles by time integrating eqs. (3) using the forth order Runge-Kutta method, and evaluate the
spatial diffusion coefficients for long time scales,

D =
< ∆r2 >

τ
, (4)

where ∆r is the particle displacement within the time scale τ , and the bracket denotes an ensemble
average. Important parameters to characterize the type of particle trajectories are the ratio of ρ/L and
b, where ρ is typical particle Larmor radius (see reference [4] for detail numerical model).

3. Results

Fig.1 shows typical particle trajectories in compressional turbulence model for turbulence level b = 0.1.
The color scale in the figure shows the spatial variation of the fluctuation field bz(x, y) of the magnetic
field. Here the size of the simulation box is shown for Lsys = 256. In the left panel, the particle
trajectories for three parameters with ρ/L = 0.1, 1, 10 are shown by solid lines, and in the right panel
the expansion of the left panel shows a particle with ρ/L = 0.1. Also depicted is a corresponding guiding
center orbit shown by green line. When ρ/L = 10, the particle traverses many magnetic field islands
during one gyration, and the force acting on the particle, which will be a sum of many fluctuations,
will be random and incoherent. Hence, the position of the guiding center is randomly deviated from the
initial position during multiple Larmor osillations, resulting in the constant diffusion coefficient for long
time scale. Therefore, when ρ/L À 1 the diffusion process is approximately described by quasi-linear
theory (see Fig.3a). On the other hand, when ρ/L = 0.1, the particle essentially gradient-B drift along
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Fig. 2 Typical particle orbits in the non-compressional turbulence model for turbulence level b = 0.3. The color scale
shows the spatial variation of az . The solid lines show the orbits for particles with ρ/L = 10, 1 and 0.1 (left panel).
The expansion of left panel show a particle with ρ/L = 0.1, and also depicted is a corresponding guiding center
orbit in green line (right panel).

equi-contour lines of the magnetic field strength bz(x, y), and thus the diffusion process in the limit of
ρ/L ¿ 1 is directly linked with the statistics of magnetic field islands composed of these equi-contour
lines [3].

Fig.2 is the same as Fig.1 but in the non-compressional turbulence model and for turbulence level
b = 0.3. The color scale in the figure shows the spatial variation of the vector potential field az(x, y) of
the magnetic field. When ρ/L À 1, the diffusion process is also approximately described by quasi-linear
theory (see Fig.3b). However, we note the deviation of the particle position is smaller than that in the
compressional model, since the variation of magnetic field magnitude in the non-compressional model is
smaller than that in the compressional model in the same turbulence level. When ρ/L = 0.1, the guiding
center orbit approximately follows the equi-contour lines of the magnetic field strength az(x, y). This is
due to the constraint of the constant canonical moment, i.e., pz = vz + az ∼ const. From z component
of eq.(3) for the non-compressional model,

v̇z = −(v⊥ · ∇⊥)az = −ȧz, (5)

where v⊥ = (vx, vy) and ∇⊥ = (∂/∂x, ∂/∂y). The time variation of vz is negligible, when ρ = v is
infinitesimally small where v is magnitude of the particle velocity, and thus, the particle approximately
follows the contour lines of az.

Fig.3 summarizes the results of evaluated diffusion coefficients D in eq.(4) for long time scales. The
normalized diffusion coefficients are plotted as a function of Kubo number defined as K = bL/ρ. Left
(a) and right (b) panels show the results of diffusion coefficient DC and DNC for the compressional and
the non-compressional models, respectively. The symbols represent the different turbulence levels, i.e.
b = 0.1(+), b = 0.3(◦), b = 1(M) and b = 3(¤). There is a critical Kubo number, K = 1, at which the
dependence of D on K changes. In this paper, we mainly discuss the regime (i) K < 1, and compare
the results with quasi-linear theory for each model by writing D/ρv ∝ Kα. In the regime (ii) K > 1,
the drift motion or meandering motion of the particle appears, and the diffusion coefficient can not be
described by quasi-linear theory.

In the compressional model, the diffusion coefficient is described as DC ∝ bK by quasi-linear theory [4].
Let us look at the Fig.3(a), the compressional model. When b = 1 and b = 3, DC is proportional to K,
and the results are consistent with the quasi-linear theory. On the other hand, when b < 1 and K < 0.01,
the exponent α is slightly higher than α = 1 in the quasi-linear theory. In the non-compressional model,
we expect that the diffusion coefficient is described as DNC ∝ K2 by quasi-linear theory as follows. In the
FLRW (field line random walk), when L‖/L ¿ 1 where L‖ is longitudinal scale length of the field along
the background field, a particle experiences many fluctuations during its long travel along the field line,
and the transverse position projected onto the 2d plane perpendicular to the background field is random
and incoherent. Hence, when the Kubo number is defined as Km = bL‖/L, the diffusion coefficient of
the FLRW is described as Dm = < ∆r2 >/∆z = b2L‖ = (L2/L‖)K2

m in the quasi-linear theory, where
∆z is the longitudinal displacement along the average field line [1]. Similarly, in the pure 2d diffusion



10
-4

10
-3

10
-2

10
-1

10
0

D
C
(/

ρv
)

0.001 0.01 0.1 1 10
K

  ~ K

(i) (ii)
10

-4

10
-3

10
-2

10
-1

10
0

D
N

C
(/

ρv
)

0.001 0.01 0.1 1 10
K

  ~ K
2

(i) (ii)

(a) (b)

Fig. 3 Diffusion coefficient vs. Kubo number K = bL/ρ for (a) the compressional and (b) the non-compressional models
(ApJ, submitted [4]). Symbols indicate the numerical diffusion coefficients for long time scales with b = 0.1(+), b =
0.3(◦), b = 1(M) and b = 3(¤). In each panel, solid lines show the exponents in the quasi-linear theories.

case, we define Kubo number as K = bL/ρ, and then predict DNC = ρvK2 in quasi-linear theory. Let
us look at Fig.3(b), the non-compressional model. When K < 1, the diffusion coefficients for different
turbulence level b are approximately scaled by K. When b = 1 we find α ∼ 2 in good agreement with the
quasi-linear theory. When b < 1 the exponent α is slightly lower than α = 2 in the quasi-linear theory.

4. Summary and Discussion

We have studied cross-field diffusion of energetic particles for both compressional and non-compressional
two-dimensional static magnetic field turbulence models. The diffusion coefficients for long time scales
have been classified in terms of Kubo number K = bL/ρ, and have been scaled in some K regime, where
b is standard deviation of magnetic field fluctuation in unit of background field, ρ is typical particle
Larmor radius, and L is transverse scale length of the field. When K < 1, the numerical diffusion
coefficients D are approximately found to be D/ρv ∼ bK for the compressional model and D/ρv ∼ K2

for the non-compressional model, where v is magnitude of the particle velocity. The results are in good
agreement with the quasi-linear theories for each turbulence model. However, for the non-compressional
model, we assume the quasi-linear formula by the similarity of the field line random walk. The precise
theoretical analysis is needed to evaluate the diffusion coefficient for the non-compressional model. For
weakly turbulent field(b < 1), the deviations from the quasi-linear theories appear for both turbulence
models. This is presumably due to the correlated fluctuation the particles feel as follows. When K
decreases, diffusion coefficients D/ρv decreases from the quasi-linear formulas above. Accordingly the
particles almost return to the same magnetic field island after one-gyration, and thus the next turn is
similar to the one before. This implies the breakdown of the assumption in the quasi-linear theory that
the magnetic field felt by the particles is random, and thus the quasi-linear theory fails. Therefore,
we should discuss the diffusion process beyond quasi-linear theory. The pure 2d diffusion we observed
might provide analytical understanding of cross-field diffusion in three-dimensional space, e.g. so-called
second diffusion observed by Qin et al.(2002)[5], in which the perpendicular structure of the magnetic
field turbulence is important to cause the constant diffusion coefficient.
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